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Abstract

In theoretical chemistry, molecular structure descriptors are used for modeling physio-chemical,
pharmacologic, toxicological, biological and other properties of chemical compound. The eccentric
adjacency index of a graph G is defined as

e = Y Sue(w)
weV(Q)
where S(u) denotes sum of degrees of vertices adjacent to the vertex u and e(u) is defined as
the maximum length of any minimal path connecting u to any other vertex of GG. Fullerenes
are molecules in the form of cage-like polyhedra, consisting solely of carbon atoms bonded in a
nearly spherical configuration. In this paper we calculate the eccentric adjacency index for several

infinite classes of fullerenes.
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1 Introduction

Let G be any simple connected graph with the vertex set V(G) and the edge set E(G). For two
vertices u and v in V(G) their distance d(u,v) is defined as the length of a shortest path connecting
wand v in G.

The degree d(u) of the vertex u in G is defined as the number of neighbors of w in G, i.e., d(u) =
[{v € V(G) | d(u,v) = 1}|. The eccentricity £(u) of the vertex u of G is the The eccentricity sequence
ec(G) of G, is the multi-set of eccentricities of the vertices of G, i.e., ec(G) = {e(u) | v € V(G)}.

Mathematical chemistry is a branch of theoretical chemistry in which with the help of mathematical
methods the molecular structure are investigated. Molecular graphs or chemical graphs are models
of molecules in which atoms are represented by vertices and chemical bonds by edges. The chemical
graph theory is a branch of mathematical chemistry in which the physico-chemical properties of
molecules are studied by using their molecular graphs.

In this paper, fullerenes are molecules in the form of cage-like polyhedra, consisting solely of carbon
atoms, where each carbon atom is chemically bonded to three other carbon atoms in a nearly
spherical configuration. The molecular graph of a fullerene (fullerene graph) can be viewed as a
finite connected trivalent plane graph, all of its faces are pentagons and hexagons. Consider a
fullerene graph with exactly p, h,n and m pentagons, hexagons, vertices and edges between them,
respectively. Since each vertex lies in exactly 3 faces and each edge lies in 2 faces, the number
of vertices is n = (5p + 6h)/3, the number of edges is m = (5p + 6h)/2 = 3/2n and the number
of faces is f = p + h. Recall that Euler’s formula states that n — m + f = 2. It follows that
(5p + 6h)/3 — (5bp + 6Rh)/2 + p + h = 2, and therefore p = 12,n = 2h + 20 and e = 3h + 30.
Therefore the molecular graph of a fullerene made entirely of n carbon atoms, denoted by C,,, have
12 pentagonal and (n/2 — 10) hexagonal faces, while n # 22 is an even natural number equal or
greater than 20 (see [1] and [2]).

By IUPAC terminology, a topological index is a numerical value associated with chemical constitution
purporting for correlation of chemical structure with various physical properties, chemical reactivity
or biological activity. The eccentric connectivity index is a topological index which was proposed in
[3] and has been extensively used in molecular chemistry for studies related to structure activity /pro-
perty relationships (see [4], [5] and [6]). This index is defined as £°(G) = 3, cv () d(w)e(u).
Mathematical properties of the eccentric connectivity index was studied in [7], [8] and [9]. The
connective eccentricity index which is a modification of the eccentric connectivity index is defined
as (see [10], [11], [12] and [13]) C*(G) = 2ouev(@) d(u)e(u)™?

On can see in the above definition that the reciprocal of the eccentricity is considered for a vertex,
so the contribution of a vertex is non-linear. In the process of finding an invariant to be better
suited to certain tasks than the previous ones, the eccentric adjacency index was introduced in [14]
as

fad(G) _ Z S(u) ,

ueV(G) 5(u)

where S(u) denotes the sum of degrees of all neighbors of the vertex u. As it is seen in the definition
of £%%(@), the degrees are taken over the neighborhoods and then summed and also the reciprocal
of the eccentricity is considered for a vertex, so the contribution of a vertex to £*¢(G) is non-local
and non-linear.

It is worth mentioning that the product version of the eccentric adjacency index, termed as augmented
eccentric connectivity index, has been proposed by replacing S(u) with the product of degrees of
all neighbors of the vertex w (see [15], [16], [17], [18], [19], [20], [21] and [22]).
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Some eccentricity-based invariants of fullerenes were computed already (see [23], [24], [25], [26],
[27], [28], [20] and [29]). In this paper we aim to compute the eccentric adjacency index of the
molecular graph of several infinite classes of fullerenes, namely Ci2n+2, C20n+40, Ci2n+4, Ci2n+6,
C2On7 C40n+6 7010717 C(18'n+107 ClQn and 02471-

Let us recall that the n-th harmonic number H,, is given as the n-th partial sum of the harmonic
n

series, H, = 1+ % + % 4+ % =>", % Throughout this paper, our notations are standard and
mainly taken from standard books of graph theory such as [30] and [31].

2 Main Results

In this section, the eccentric adjacency indices of the molecular graph of some infinite classes of
fullerenes, namely Ci2nt2, C20n+40, Ci2nta, Ci2nte, C20ny Cionte ,C10n, Cisnt10, Ci2n and Caan
are computed.

Let us consider Cian42 fullerenes. Note that the molecular graph of Cia,42 is cubic with exactly
12n + 2 vertices and 18n + 3 edges. In Table 1, the eccentric adjacency index of Cian42, 2 <n <9,
is computed.

Table 1. The eccentric adjacency index of Ciony2, 2 <n < 9.

Fullerenes | eccentric adjacency index

Cog 3 x (72/5+1)

Cgs 3 X 114/7

Cso 3x36/7+3x102/8+3x12/9

Cos2 3xT72/84+3x7T2/9+3x42/10

Cra 3%x36/8+3x72/9+3x54/10+ 3 x 36/11 + 3 x 24/12

Cse 3x72/94+3x54/10+3 x 36/11 + 3 x 36/12+ 3 x 36/13 + 3 x 24/14
Cos 3x (12/9+418/10 + 12/11 +12/12 4+ 12/13 + 12/14 + 12/15 + 8/16)
Ciio 3% (18/10+12/11+12/124+12/13+12/14+12/15+12/16+12/17+8/18)

A general formula for the eccentric adjacency index of Ci2n+2, n > 10, is obtained as follows:

Theorem 2.1. 90
fad(012n+2) = ; + 108(Hzpn—1 — Hy).

Proof. Using GAP [32] the eccentricity of the vertices of Cia,+2 were computed in [28] (see Fig.
1). These eccentricities are presented in Table 2. Now the result follows from the data provided
with Table 2 and from the fact that for each v € V(Cizn+2), S(v) =9. O

Let us consider Corn+40 fullerenes. Note that the molecular graph of C05,440 fullerene is cubic with
exactly 20n + 40 vertices and 30n + 60 edges. In Table 3, the eccentric adjacency index of Caprn+40
fullerenes are computed for 1 < n < 10.

Table 2. The eccentricity of molecular graph Ci2,42, for n > 10.

Type of vertices eccentricity Number
The Type 1 Vertices 2n 8
The Type 2 Vertices n 6
Other Vertices n+i(l<i<n-1) 12
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In the case that n > 11, a general formula for the eccentric adjacency index of C2ont40 is obtained

as follows:

Theorem 2.2.

others

Fig. 1. The molecular graph of fullerene Ci2,42 for n =4

1 n 1
2n+5 2n+6

Ead(020n+40) = 180(H2n+a — Hnts) +90( ).

Proof. Using GAP [32] the eccentricity of the vertices of Caont40 were computed in [28] (see Fig.

2). These eccentricities are presented in Table 4. Now the result follows from the data provided

Table 3. The eccentric adjacency index of Cypn+40, 1 < n < 10.

Fullerenes | eccentric adjacency index

Coeo 60

Cso 3(240/11)

Cioo 3(60/11 + 240/12)

Ci20 3(120/12 4+ 210/13 + 30/14)

Cla0 3(60/12 4+ 120/13 + 180/14 + 30/15 + 30/16)

Cieo0 3(120/13 4+ 120/14 + 120/15 + 60/16 + 30/17 + 30/18)

Ciso 3(60/13 4+ 120/14 + 120/15 + 90/16 + 60/17 4+ 60/18 + 30/19)

Ca00 3(60/14 + 120/15 4+ 90/16 4+ 60/17 + 90/18 + 60/19 + 60/20 + 60/21 +
30/22 +30/23)

Ca20 3(120/15 4+ 90/16 4+ 60/17 4+ 90/18 + 60/19 + 60/20 + 60/21 + 60/22 +
60/23 + 30/24 + 30/25)

C2a0 3(60/254+90/16420/174+90/18+60(1/19+1/20+1/21+1/22+1/23+
1/24 4 1/25) +30/26 + 30/27)

with Table 4 and from the fact that for each v € V(Caon+40), S(v) = 9.

O

Let us consider Cian44 fullerenes. Note that the molecular graph of Ci2,44 is cubic with exactly
12n+4 vertices and 18n+6 edges. In Table 5, the eccentric adjacency index of Ci2,+4 are computed

for2<n<T.
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Table 4. The eccentricity of molecular graph C20y,440, for n > 11

Type of vertices eccentricity Number
The Type 1 Vertices 2n+6 10
The Type 2 Vertices 2n+5 10
Other Vertices n+44+i(0<i<n) 20

Other Vertices

Type 2

Type 1

Fig. 2. The molecular graph of fullerene Csypy40 for n =3

Table 5. The eccentric adjacency index of Ciopts, 2 <n < 7.

Fullerene | The eccentric adjacency index
Css X1z 9x18
Cu | AT
Cs2 R s o
O TR R
On | SEFET T
Crs 9X924+9T012+9T112+9T212+9T312 gﬁz_i_%

A general formula for the eccentric adjacency index of Cian44, n > 8, is obtained as follows:

Theorem 2.3.

ad _
§*(Cranta) = o+ 1

36

+ 108(Hzn — Hoy).

Proof. Using GAP [32] the eccentricity of the vertices of Cian+4 were computed in [25] (see Fig.
3). These eccentricities are presented in Table 6. Now the result follows from the data provided

with Table 6 and from the fact that for each v € V(Ci2n+4), S(v) = 9. O
Theorem 2.4. 9 9%
ad
n = = 1 Hop—1— Hy s > 9.
£ (Cizan+s) 2n—|—1+2n+ 08(Hzn—1 ), n>9

Proof. Using GAP [32] the eccentricity of the vertices of Ci2,+6 were computed in [33]. These
eccentricities are presented in Table 7. Now the result follows from the data provided with Table 7
and from the fact that for each v € V(Ci2n+6), S(v) =9. O
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Table 6. The eccentricity of molecular graph Ci2,44, for n > 8

Type of vertices eccentricity Number
The Type 1 Vertices 2n+1 4
Other Vertices n+1i(1<i<n) 12
1
Other Vertices /
R

Fig. 3. The molecular graph of fullerene Ci2,+4

Table 7. The eccentricity of molecular graph Ci2y,46, for n > 9

Type of vertices eccentricity Number
The Type 1 Vertices 2n +1 8
The Type 2 Vertices 2n 10
Other Vertices 2n+1—1(2<:<n) 12

Theorem 2.5.
£ad(020n) = 180(Hzn+3 — Hnys), n >6.

Proof. Using GAP [32] the eccentricity of the vertices of Caon were computed in [33]. These
eccentricities are presented in Table 8. Now the result follows from the data provided with Table 8

and from the fact that for each v € V(Ca0r), S(v) =9. O
Theorem 2.6.
. 72 108 144 90
€Y Cuaon+s) = + + =4 +180(Han—1 — Hans1), n>9.

T 4n+2 T 4dn+1 " 4n ' 2n+1

Proof. Using GAP [32] the eccentricity of the vertices of Caon+s were computed in [33]. These
eccentricities are presented in Table 9. Now the result follows from the data provided with Table 9
and from the fact that for each v € V(Cionts6), S(v) =9. O

The eccentric adjacency index of Cian, for n <9, Cion, for n < 7 and Cigp+10, for 4 < n < 13 are
computed in Table 10, Table 11 and Table 12, respectively.
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Table 8. The eccentricity of molecular graph Csg,, for n > 6

Type of vertices

eccentricity

Number

All Vertices

2n+3—i(0<i<n-—1)

20

Table 9. The eccentricity of molecular graph Cyon46, for n > 9

Type of vertices eccentricity Number
The Type 1 Vertices In+1 8
The Type 2 Vertices in+1 12
The Type 3 Vertices in 16
The Type 4 Vertices | 4n+2 —1 (3 < i < 2n) 20
The Type 5 Vertices 2n+1 10

By the means of group actions, the eccentricity of vertices of Cion, Ci2n, C24yn and Cign+10 Were
computed. Let us summarize them in the following lemmas:

Lemma 2.7 ([24]).

12
——

12

21,

For n > 8, we have ec(Cion) =

10

——
Nyore M,

2n—1

10

7271—1} and

eC(Cl2n) - {n7 LN

,2n—1} ifn > 10.

Table 10. The eccentric adjacency index of Cis,, for n <9

Fullerene | Eccentric adjacency index
Gy [T
oy [T TE 1oL
Cro M+M+9>1<024+9>1<112
9x24 Ix24 9Xx12 Ix12 9Xx12
e e B
Cos o Vo s S s s S A S S
Cios XL OxIZ | OxIT | OxTZ | UxIZ | OxIz | Oxir OxI2

Table 11. The eccentric adjacency index of Cig,, for 2 <n <7

Fullerene Eccentric adjacency index
C. IX20
20 5
9><‘30
Cio
UXI0 020
Cao 4 2 + 2
g% 10 9%10
Cso XS + Xg —|— XO + x
OX10 , 9x20
Coo X7 + XS + Xg -I- X 1
9%x20 9x10 >< >< 9Xx10 9x10
Cro s T g + 0 4 -l- 5+ 73
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Table 12. The eccentric adjacency index of Cisn410, for 4 <n <13

Fullerene | eccentric adjacency index
IX67 IXT15
Cs2 o+ A
9x18 9% 50 9x22 9x10
Cio | g+ 3 + 1o~ + 13-
9x36 9x39 9x2T1 9x13 9%x9
0118 91118+91236+91%7+91%1+91 15 IxXT12 IXT
X X X X X X X
e b
X X X X X xX1o X X
0154 91218 + 91327 + 91%1 + 91518 + 91621 i 91718 + 91821+ }39 18 Ix15
X X X X X X X X X
Cirz iz T 13t Tois T T T i Tois T
Xx15 + 9Xx9 + 9x7
91927 92021 291 18 Ix24 9x18 IX1I8 9x18 9X15
X X X X X X X X
Ci90 Gotu tTEs tTe T T T o
x15 + 9x9 + 9x7
9219 92221 92318 Ix24 9X18 9X18 9Xx18 9X18
X X X X X X X X
Ca0s a3t T Tt Tt i Tois o T T
9x18+9x15+9x15+9x9+ x?
92121 92218 92324 92418 295 18 IX1I8 9x18 IX1I8 9x18
X X X X X X X X X
Ca26 ottt t T T T e et
9x18 + 9x15 + 9x15 + 9x9 + 9Ix7
92312 92%4 92518 92618 297 18 IX1I8 9x18 IX1I8 9x18
X X X X X X X X X
Caaa ottt T e T T e st
9x18 + 9x18 + 9x15 4 9x15 + 9X9 + Ix7
24 25 26 27 28 29

Lemma 2.8 ([26]). The eccentricity of vertices in Cb4, are presented in the following table:

Table 13. The eccentricity of vertices in Cau,

Type of vertices eccentricity Number
The Type 1 Vertices 2n+3 48
The type 2 vertices 2n+3i (1<i<n-—2) 24

Lemma 2.9 ([27]). The eccentricity of vertices in Cigny10 are presented in the following table (see
Fig. 4):

Table 14. The eccentricity of vertices in Cign+10

Type of vertices eccentricity Number
Type 1 Vertices 2n +3 7
Type 2 Vertices 2n + 2 9
Type 3 Vertices 2n,2n+1 15
Type 4 Vertices | n+i (2<i<n-—1) 18

Fig. 4. The molecular graph of fullerene Cis,10
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As a direct consequence of Lemma 2.7, Lemma 2.8 and 2.9 the eccentric adjacency index of Cion,
for n > 8, Ci2n, for n > 10, Ca4y, and Cign+10, for n > 14 are computed.

Theorem 2.10.
£*(Cron) = 90(Han—1 — Hn—1),
Ead(cmn) = 108(Hz2n-1 — Hn-1),

n—2
ad 432 1

n) = 21 _—

£ (Caan) 271—}—3+ 6;2714—31

@ 63 81 135 135
13 d(Cl8n+10) = i3 + 2 + Ml + o + 162(Hon—1 — Hpt1).

3 Concluding Remarks

In this paper we have computed the eccentric adjacency index of several infinite class of fullerenes,
namely Ci2n+2, C2ont40, Cr2nt4, Ci2n+t6, C20n, Caonts ,C10n, Cisnt10, Cian and Casn. However,
some fullerenes have been left out. For example, we have not considered Cgo+12n, Cs0+10n, Ci2(2n+1)
and Ciz(2n48)- A fullerene is a cubic 3-connected planar graphs with faces of size r and s. In this
paper we have only considered fullerenes with pentagonal and hexagonal faces. However one can
construct fullerenes with faces triangles and hexagons (see [34]), fullerenes with faces quadrangles
and hexagons (see [29] and Fig. 5) and even fullerenes with pentagonal and heptagonal faces.

Fig. 5. 2-D graph of fullerene Cjy,,> for n=2 (with faces of size 4 and 6)
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